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Abstract
The decay constant of the η-meson in the framework of ’resummed’ chiral perturbation theory is discussed. A
theoretical prediction is compared to the available determinations. Compatibility of these determinations with the
latest fits of the S U(3) low energy coupling constants is investigated. Preliminary results for the obtained constraints
on the low energy coupling constants Lr5 and L
r
4, using Bayesian statistical approach, are presented.
1. Decay constants of the light pseudoscalar mesons
Decay constants of the light pseudocalar meson nonet
can be introduced in terms of the QCD axial currents
ipµFaP = 〈 0 | Aaµ(0) | P 〉, (1)
where Aaµ = q¯γµγ5λ
aq. The pion and kaon decay con-
stant take a straightforward form in the isospin limit and
are very well know from either experimental data or lat-
tice simulations [1, 2]. Quite a lot of work has been
devoted to the η-η′ sector, where substantial mixing oc-
curs, see e.g. [3, 4, 5, 6, 7, 8, 9, 10, 11]. The results
span a range of values, some of which are not compati-
ble with others.
In the framework of S U(3)L×S U(3)R chiral perturba-
tion theory (χPT) [12], the chiral expansion of the pseu-
doscalar meson octet in the isospin limit can be written
in the following way
F2pi = F
2
0(1 − 4µpi − 2µK) + 8m2pi(Lr4(r + 2) + Lr5) + ∆Fpi (2)
F2K = F
2
0(1 −
3
2
µpi − 3µK − 32µη)
+8m2pi(L
r
4(r + 2) +
1
2
Lr5(r + 1)) + ∆FK (3)
F2η = F
2
0(1−6µK)+8m2pi(Lr4(r+2)+
1
3
Lr5(2r+1))+∆Fη .(4)
∗Speaker
This form is obtained directly from the generation func-
tional of two point Green functions in the logic of ’re-
summed’ approach to χPT [13]. ∆FP denote the sum of
all higher orders, the so-called higher order remainders.
µP = m2P/(32pi
2F20) ln(m
2
P/µ
2) are the chiral logarithms,
where mP are the pseudoscalar masses at leading order.
In particular, m2pi = 2B0mˆ. r = ms/mˆ is the ratio of
strange and light quark masses.
The S U(3) decay constant Fη is defined identically to
F8η in (1) and can thus be related to the mixing parame-
ters in the U(3) octet-singlet basis
Fη = F8η = F8 cosϑ8. (5)
For the purpose of this work, we will use two values of
F8η as our input
F8η = (1.18 ± 0.02)Fpi (EGMS15) (6)
F8η = (1.38 ± 0.05)Fpi (EF05) (7)
EGMS15 [9] is a recent determination which is repre-
sentative of lower values of this observable. On the
other hand, EF05 [6] lies on the opposite end of the
spectrum and is an example of a very high value of F8η .
Reported uncertainties are quite low in both cases and
thus these results are essentially incompatible with each
other.
As can be seen from (2-4), chiral expansions of the
decay constants up to next-to-leading order depend only
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on the two leading order and two NLO low energy con-
stants (LECs) - F0, B0 and Lr4, L
r
5, respectively. The
most recent standard χPT fit [14] provides two different
sets for the NLO LECs (at µ = Mρ)
103Lr4 ≡ 0.3, 103Lr5 = 1.01±0.06 (BE14) (8)
103Lr4 = 0.76±0.18, 103Lr5 = 0.50±0.07 (FF14) (9)
The main fit (BE14) fixes Lr4 by hand, in order to ensure
the expected suppression in the large Nc limit. FF14
(free fit) releases this constraint. As can be seen, the ob-
tained values are quite different. The difference is much
less pronounced for the LO LECs:
F0 = 71MeV, Y = m2pi/M
2
pi = 1.055 (BE14) (10)
F0 = 64MeV, Y = m2pi/M
2
pi = 0.937 (FF14) (11)
The purpose of this work is twofold - first, we will
show that the ’resummed’ χPT framework leads to a
simple, but robust prediction for Fη. Then we will use
the two values of F8η (6-7) as an input and use a Bayesian
statistical approach to obtain constraints on the higher
order remainders and the NLO LECs. We will compare
these results with the two versions of the fit [14] (BE14
and FF14) and thus check the compatibility of the vari-
ous values of Fη and NLO LECs.
2. Bayesian statistical analysis
We use a statistical approach based on the Bayes’ the-
orem [13, 15]
P(Xi|data) = P(data|Xi)P(Xi)∫
dXi P(data|Xi)P(Xi)
, (12)
where P(Xi|data) is the probability density of the theo-
retical parameters, denoted as Xi, having a specific value
given the experimental input.
In the case of independent experiments, P(data|Xi) is
the known probability density of obtaining the observed
values of the observables Ok in a set of experiments with
uncertainties σk under the assumption that the true val-
ues of Xi are known
P(data|Xi) =
∏
k
1
σk
√
2pi
exp
− (Oexpk − Othk (Xi))2
2σ2k
 .(13)
P(Xi) are prior probability distributions of Xi. We use
them to implement the theoretical assumptions and un-
certainties connected with our parameters.
3. Assumptions
For the LO LECs F0 and B0, we use the same theo-
retical constraints as in [15], which define our priors for
these parameters. Their approximate range then is
0 < Y < Ymax ' 2.5 (14)
0 < Z < Z(2) = 0.86 ± 0.01, (15)
where Y = 2B0mˆ, Z = F20/F
2
pi and Z(2) = F(2)
2/F2pi.
F(2) is the S U(2) pion decay constant in the chiral limit.
As for the NLO LECs Lr4 and L
r
5, we limit them to the
range (at µ = 770MeV)
Lr4, L
r
5 ∈ (0, 2 × 10−3). (16)
We estimate the higher order remainders statistically,
based on general arguments about the convergence of
the chiral series [13]
δFP = ∆FP/F
2
P = 0.0 ± 0.1. (17)
We implement this by normal distributions. The remain-
ders are thus limited only statistically, not by any upper
bound.
We use the lattice QCD average [2] for the value of
the strange-to-light quark mass ratio r
r = 27.43 ± 0.31. (18)
Finally, the inputs for the pion and kaon decay con-
stants are [1]
Fpi = 92.21 ± 0.15 MeV, FK = 110 ± 0.28 MeV. (19)
4. Results
We will employ several ways of dealing with the sys-
tem of equations (2-4). As a first step, it is possible to
eliminate F0, Lr4 and L
r
5 by simple algebraic manipula-
tions and thus obtaining a single equation
F2η =
1
3
[
4F2K − F2pi +
M2piY
16pi2
(ln
m2pi
m2K
+ (2r + 1) ln
m2η
m2K
)
+3F2ηδFη − 4F2KδFK + F2piδFpi
]
. (20)
The equation depends, beyond the remainders δFP , only
on a single parameter Y and the dependence is very
small, as already noted in [13] and [16]. A histogram of
106 numerically generated theoretical predictions, de-
pending on the assumptions listed in the previous sec-
tion, is depicted in Fig.1. A Gaussian fit leads to a value
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Figure 1: Prediction for Fη (106 points). Gaussian fit overlaid.
Fη = 118.3 ± 9.4 MeV = (1.28 ± 0.10)Fpi. (21)
This is an improved prediction over [16] and lies in be-
tween the values of EGMS15 (6) and EF05 (7), dis-
cussed above.
Next, we can use EGMS15 and EF05 as inputs and
employ the Bayesian statistical approach to extract in-
formation about the remainders. A contour plot with
confidence levels can be found in Fig.2, which leads to
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Figure 2: Constraints on higher order remainders from Fη.
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Figure 3: PDF for Lr5 from FK and Fη (transparent- prior).
δFK = 0.07 ± 0.06, δFη = −0.06 ± 0.08 (EGMS15) (22)
δFK = −0.06 ± 0.08, δFη = 0.05 ± 0.08 (EF05). (23)
We can see that the values are compatible with the prior
assumption (17). We can also compare this result with
the NNLO contributions for FK obtained in [14]
FK/Fpi = 1 + 0.176 + 0.023 (BE14) (24)
FK/Fpi = 1 + 0.121 + 0.077 (FF14). (25)
As can be seen, both are positive, while EF05 implies
a negative remainder δFK . It should be noted, however,
that the work [14] uses a different form of the chiral ex-
pansion and thus this can only be taken as an indication
that lower values of Fη might be better compatible with
the fits BE14/FF14.
As a second possibility, we can algebraically elimi-
nate F0 and Lr4 from equation (2), which leads to a sys-
tem of two equations for FK and Fη, now depending on
Y , Lr5 and the remainders δFP . The obtained constraints
on Lr5, from 2 · 107 numerically generated predictions,
are shown in Fig.3.
Lower values of Lr5 are preferred in the case of
EGMS15 (Fη=(1.18±0.02)Fpi), but the result is not sta-
tistically significant. However, in the case a high value
of Fη (EF05), we obtain a limit
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Figure 4: PDF for Lr5 from Fη at Y = 1 (transparent- prior).
0.5 1.0 1.5 2.0
0.00
0.02
0.04
0.06
0.08
0.10
10-3L4r
P
(L 4r )
Fπ (Y=1)
Figure 5: PDF for Lr4 from Fpi at Y = 1 (transparent- prior).
Lr5 > 0.7 · 10−3 at 2σ C.L. (EF05), (26)
which is incompatible with the value from the fit FF14
(9), which is Lr5 = (0.5 ± 0.07) · 10−3.
In the next step, we will add an additional assump-
tion. There is little difference in the value of Y = m2pi/M
2
pi
for the two fits BE14 (10) and FF14 (11). Hence we will
take a look at the consequences of assuming Y = 1.
Fig.4 shows the updated probability density function
for Lr5 for EGMS15. We obtain an upper bound
Lr5 < 1.6 · 10−3 at 2σ C.L. (Y = 1) (EGMS15). (27)
The lower bound for EF05 (26) stills holds for Y = 1.
As the last option, we will try to extract information
on Lr4. In this case, we use equation (3) to eliminate
Lr5. Interestingly, the strongest constraint in this case is
obtained from the chiral expansion for Fpi (2), shown in
Fig.5. We get
Lr4 < 1.2 · 10−3 at 2σ C.L. (Y = 1). (28)
5. Summary
We have applied the Bayesian statistical approach to
the sector of light pseudoscalar mesons in the frame-
work of ’resummed’ χPT, while using two different in-
puts for the η-meson decay constants. We have investi-
gated the compatibility of these inputs with the most re-
cent fits of the relevant χPT low energy constants. Our
results can be shortly summarized as
• Our prediction is Fη = (1.28 ± 0.10)Fpi.
• Fη=(1.38±0.05)Fpi (EF05) implies negative higher
order corrections to FK , possibly in contradiction
with the fits BE14/FE14.
• Fη = (1.38±0.05)Fpi (EF05) implies Lr5 > 0.7·10−3
at 2σ C.L., incompatible with the fit FE14.
• Y=1 and Fη = (1.18 ± 0.02)Fpi (EGMS15) implies
Lr5 < 1.6 · 10−3 at 2σ C.L.
• Y=1 implies Lr4 < 1.2 · 10−3 at 2σ C.L. (from Fpi).
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